
Journal of Engineering Mathematics 42: 23–44, 2002.
© 2002 Kluwer Academic Publishers. Printed in the Netherlands.

Boundary-layer behaviour in a hydraulic theory of horizontal oil
wells

R. M. S. M. SCHULKES and A. C. KING1

Norsk Hydro a.s.a., Research Centre Porsgrunn, N-3901 Porsgrunn, Norway
1School of Mathematics, University of Birmingham, Edgbaston, Birmingham, UK

Received 11 September 2000; accepted in revised form 21 June 2001

Abstract. In many cases, modern oil production occurs by means of long, more or less horizontally drilled
cavities in an oil reservoir, so-called horizontal wells. Oil production by means of these horizontal wells is usu-
ally advantageous because the contact area between the well and the reservoir can be increased significantly, in
particular for oil reservoirs with large aspects ratios. However, it turns out that the production profile along the
length of a horizontal well may have boundary-layer-like characteristics with the consequence that a large fraction
of the production comes from a small section of the well. In this paper the boundary-layer characteristics of the
production profile are analysed. It is shown that different boundary layers with different characteristics can occur
simultaneously. In particular it is shown that there may be a thin ‘annulus-induced’ boundary layer and a thick
‘reservoir-induced’ boundary-layer.
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1. Introduction

In many parts of the world e.g. the North Sea, oil reservoirs occur predominantly in pancake-
like structures where the thickness of the oil layer is small in comparison with the horizontal
dimensions of the oil reserve. Recovering oil from such layered structures was not economical
until fairly recently, because with conventional (vertical) wells only a small part of the oil
reserves can be recovered. The reason for this is that with a vertical well (which can be viewed
as a vertical line source) the contact area between the well and the reservoir is bounded by
the thickness of the oi llayer. When, as is fairly common, there is an aquifer below and/or a
gas-cap above the oil layer, producing oil by means of a vertical well may lead to a fairly rapid
advance of the oil-water and/or oil-gas interface towards the well. This phenomenon, called
coning, is fairly well understood in homogeneous reservoirs, see e.g. Hocking and Forbes [1]
among others. In non-homogeneous reservoirs (a situation one always has in practice) the
formation of water or gas cones is not easy to predict but may have enormous consequences
for the amount of oil which is eventually recovered.

In the early 1990’s new drilling techniques made is possible to direct the drill such that
it follows the oil layer. With this technique it is nowadays possible to construct long, so-
called horizontal wells. These wells have a much larger contact area between the well and the
reservoir such that it has become possible to produce oil economically from reservoirs where
the oil-column has a height down to 10 m. In order to get to the oil-containing structure in
the reservoir, one drills downwards until the oil layer is reached, after which the oil-producing
well is drilled more or less horizontally. The special foot-like geometry of such a well has lead
to the terminology where the closed end of the well is referred to as the toe of the well, while
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the end of the well which is connected to the vertical (non-producing) part is referred to as the
heel of the well.

While horizontal wells are extremely successful in increasing the recoverable volume of
oil, there are special problems related to oil production by means of such wells. One of the
main problems concerns pressure variations along the length of the well. If one imagines a
well which produces oil over a length of 1500–2000 m it is clear that the volume flow rate of
oil increases monotonically from the toe to the heel of the well. Fairly large fluid velocities
can occur in the heel of the well (a velocity up to 5 m/s in the heel is not uncommon) which
means that frictional pressure losses in the well can lead to a significant pressure drop along
the length of the well. This, in turn, implies that the difference in pressure between the well
and the reservoir is not constant along the length of the well. In fact, the pressure difference
between the well and the reservoir increases monotonically from the toe towards the heel of
the well. Since the rate at which oil is produced locally in a well is proportional to the pressure
difference between the well and the reservoir, it follows that oil production is lowest in the toe
and increases towards the heel of the well. This increases the likelihood of the formation of
gas or water cones near the heel of the well with, often severe, economic consequences.

Horizontal wells in homogeneous reservoirs can be modelled by means of potential theory,
provided hydrodynamic pressure losses in the well can be neglected. In those cases the well
can be modelled by a line source and closed-from analytical expressions for the productivity
of such a well may be obtained, see for example Joshi [2]. Frictional pressure losses in the
well have the effect of introducing a nonlinear coupling between the line-source strength
and reservoir response. Even for homogeneous reservoirs the well-reservoir coupling quickly
becomes so complicated that the problem is only solvable by means of numerical techniques.
A way around this problem was presented by Dikken [3]. The well model by Dikken [3] is
based on an approximate force balance of the flow in the well and coupling the well to the
reservoir by means of a simplified Darcy-like equation. In this approach it is assumed that the
local volume flow rate into the well is directly proportional to the pressure difference between
the well and the reservoir, assuming a constant reservoir pressure at some given distance
from the well. The Dikken-approach is elegant in the sense that one obtains a nonlinear ODE
describing the variations in the volume flow rate in the well while the reservoir does no longer
appear in the problem. For infinitely long wells Dikken [3] presented analytical solutions to
his well equation. Later is was shown by Halvorsen [4] that a simplified form of Dikken’s
model on a finite domain, retaining the essential nonlinearities, has an analytical solution in
terms of a Weierstrass elliptic function. The well-modelling work described above deals with
single-phase flow in the well. Although a fair amount of work has been done in the area of
multiphase flow well-bore hydraulics (see e.g. Ouyang, [5]), the multiphase flow phenomena
are so complicated that it becomes exceedingly difficult to gain insight into the well-modelling
problem when multiphase flow effects are included.

In the present paper an extension of Dikken’s [3] model is discussed retaining the sim-
plification of single-phase flow. The model extension is motivated by the manner in which
horizontal wells are constructed in many cases. When a well is drilled in a reservoir which is
poorly consolidated (often the case in high- permeability reservoirs), one can not be certain
that the bore hole will not collapse. For that reason a perforated steel pipe (called the base
pipe or the liner) is often inserted into the drilled cavity. When the well is in operation, oil will
flow in the base pipe as well as in the annular space which may exist on the outside of the base
pipe (provided the cavity has not collapsed). Dikken’s model essentially assumes that there is
no annular space on the outside of the base pipe, resulting in one nonlinear ODE describing
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Figure 1. A schematic diagram showing the geometry of the system to be considered.

the flow in the base pipe. When one allows for flow in the annular cavity, two coupled, non
linear ODE’s are obtained which, as it turns out, have interesting solution characteristics in
the form of multiple boundary layers. It is this extension of Dikken’s model which will be the
subject of the present paper.

2. Governing equations

In this paper we assume that a well with a length L is situated along the positive x-axis. A
fluid with a constant density p and viscosity µ flows from the reservoir into the well. The
well geometry is as shown in Figure 1. A base pipe with a variable inner diameter equal to
Dp is situated in a circular bore hole with a variable inner diameter Dr . The base pipe is not
necessarily concentric with the annulus.

The base pipe has a constant outer diameter equal toDa . Owing to the extreme aspect ratio
of the flow problem under consideration, (Da/L ∼ 10−4) it is natural to take the hydraulic
approach by considering only variations in the x-component of the velocity in the well and
the annular cavity. Momentum conservation in the base pipe yields

ρ
d

dx
(Apu

2
p)− ρλpπDpupv = −Ap dpp

dx
− τpπDp . (1)

in which Ap, up, pp and τp denote the cross sectional area, the mean fluid velocity, the pres-
sure and the wall shear stress, respectively. A subscript p always refers to a quantity defined
in the base pipe. The second term on the left-hand side of (1) is related to the change in x-
momentum resulting from radial flow through the pipe wall. The physical origin of this term is
related to the change in the flow structure near the pipe wall due to the radial inflow. This term
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has been quantified experimentally in a number of experiments, see e.g. Olsen and Eckert [6]
and Schulkes et al. [7] and the parameter λp ≈ 0·2 turns out to be related to the friction factor.
Assuming a porous pipe wall, we denote by v the radial fluid velocity through the wall. The
last term on the right-hand side of (1) denotes the shear stress exerted by the wall of the base
pipe on the fluid.

The momentum conservation equation in the annular cavity reads

ρ
d

dx
(Aau

2
a)− ρλ′′πDruaw + ρλ′πDauav′ − Aa dpa

dx
− τaπDa − τrπDr . (2)

The notation is the same as for the pipe equation with the difference that in the above equation
a subscript a always refers to a quantity defined in the annular cavity. The second and third
term on the left-hand side of (2) are, as before, related to changes in x-momentum due to
radial flow. The term containing λ′′ is related to the increase in axial momentum due to inflow
from the reservoir, w denoting the radial velocity from the reservoir into the annulus; the term
containing λ′ describes the decrease in axial momentum due to flow from the annulus into the
perforations of the base pipe, v′ denoting the radial velocity into the base pipe. The last two
terms on the right-hand side of (2) denote shear stresses on the external base pipe wall and
bore hole, respectively.

Equations (1) and (2) need to be augmented with mass-conservation equations and a num-
ber of auxiliary relations in order to obtain a closed system of equations. Mass conservation
in the annular cavity and the base pipe yields

qra = wπDr = d

dx
(Aaua)+ d

dx
(Apup) , (3)

and

qap = vπDp = d

dx
(ApuP ) = v′πDa , (4)

in which qra and qap denote the volume flows per unit length from the reservoir into the
annulus and the annulus into the base pipe, respectively. Concerning the shear stresses we
make the simplifying assumption that the wall shear stress on the external base pipe wall is
the same as the shear stress on the bore hole surface, that is τa = τr . In addition we apply the
Fanning friction factors in order to express the wall shear stress in terms of the mean velocities
in the annulus and the base pipe via

τw = 1

8
ρfp(up)u

2
p, and τa = 1

8
ρfa(ua)u

2
a . (5)

The friction factors fp and fa are assumed to be of the form

fi(ui) = ai

|Rei|bi ; i = a, p , (6)

where the Reynolds numbers Rep and Rea in the friction factors as defined above are com-
puted using the hydraulic diameters of the base pipe and the annulus, respectively. It turns
out that the region in the base pipe in which the flow can be assumed to be laminar is small,
confined to the very last part of the well near the toe. For the base pipe we therefore assume
fully turbulent flow in the whole of the pipe and use the Blasius friction factor with ap = 0·316
and bp = 0·25. In the annulus the friction factor is a function of the eccentricity of the
base pipe in the annular cavity. Jonsson and Sparrow [8] have shown experimentally that
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for turbulent flow aa = 0·15 − 0·0438e2 and ba = 0·18 where e denotes the eccentricity. For
concentric pipes and turbulent flow one can alternatively use aa = 0·35 and ba = 0·25, see
Idelchik [9].

Finally, two auxiliary relations are required to close the system of equations. The first
relation expresses the pressure difference between the annular cavity and the base pipe in
terms of the volume flow rate through the perforations in the wall of the base pipe. Assuming
that the wall of the base pipe acts as a porous medium, we can use Darcy’s equation to show
that the volume flow rate through the pipe wall is linearly proportional with the pressure
difference between the annulus and the base pipe, giving

qap = β(pa − pp) . (7)

While the assumption that the base pipe acts as a porous medium may seem rather extreme,
this assumption is in fact reasonable. Namely, it is not uncommon to place a type of filter on
the outside of the base pipe in order to prevent sand particles from entering the base pipe. This
filter, known as a sand screen, has flow-pressure loss characteristics much like a conventional
porous medium. The final relation required is a relation which links the volume flow into the
annular cavity to the pressure difference between the annulus and the reservoir. Also here one
can use Darcy’s equation to obtain

qra = J (pres − pa) , (8)

in which pres denotes the reservoir pressure (assumed constant) and the parameter J is often
referred to as the productivity index. The reader is referred to standard texts in the field of pe-
troleum technology; see for example Golan and Whitson [10] for a derivation of Equation (8).
The productivity index J is proportional to the reservoir permeability and gives a measure of
the rate of oil production per unit length, per unit pressure difference between the well and the
reservoir.

We now obtain the final equations by using (7) and (8) to eliminate the pressures from
the momentum equations while using equations (3)–(5) to express all remaining variables in
terms of the annulus and base-pipe velocities. In order to simplify the equations somewhat we
now assume that λ′ = λ′′ = λa . With these simplifications the following coupled, second-
order differential equations are obtained

Ap

β

d2

dx2
(upAp)+ Ap

J

[
d2

dx2
(upAp)+ d2

dx2
(uaAa)

]
−

ρ
d

dx
(Apu

2
p)+ ρλpup

d

dx
(Apup)− πDp

8
fpu

2
p = 0,

(9)

Aa

J

d2

dx2
(upAp)+ Aa

J

d2

dx2
(uaAa)− ρ d

dx
(Aau

2
a)+

ρλaua
d

dx
(Aaua)− ρπ(Da +D0)

8
fau

2
a = 0.

(10)

The boundary conditions for the equations are as follows. The annulus is blocked in both the
heel and the toe of the well, giving

ua(0) = ua(L) = 0 . (11)
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In the base pipe we specify the fluid velocities in the heel and the toe, giving

Up(0) = Uo, up(L) = 0 . (12)

One quantity of interest is the pressure difference between the base pipe and the reservoir
since it is this pressure difference which determines the rate of oil production in each section
of the well. Using (3), (4) and (7), (8) we find that the pressure difference between the base
pipe and the reservoir,  prp, is given by

 prp = 1

β

d

dx
(upAp)+ 1

J

[
d

dx
(upAp)+ d

dx
(uaAa)

]
. (13)

We should note that in reality one controls the pressure in the heel of the well (or at some
position downstream from the heel where a choke valve is situated) to adjust the flow rate.
This implies that the Neumann boundary condition (13) where  prp is specified in the heel
may be a more realistic boundary condition than the Dirichlet condition (12). However, for
the purpose of analysis it is convenient to work with the Dirichlet condition.

Experiments (Schulkes et al. [7]) show that the parameter λp is proportional to the fraction
factor fp. Its seems reasonable to assume that the same relation exists between λa and the
friction factor fa, although there is, at present, no experimental evidence to confirm this. In
this paper we make the simplifying assumption that λp is constant with λp = 0·2, which is
a reasonable approximation for the case of fully turbulent flow. In addition we assume that
λp = λa = λ.

The flow in the annulus and the base pipe is now determined by Equations (9)–(10) subject
to the boundary conditions (11)–(12). In order to make the analysis in the following section
more transparent we take both the annulus and the base-pipe cross-sectional areas to be con-
stant (although some numerical results are presented later in which the cross-sectional areas
are variable). In addition, Equations (9) and (10) will be written in dimensionless form. To this
end a velocity scale U is required which is representative for the flow in the well. A number
of different velocity scales can be used, but for our purpose it is natural to use the base-pipe
velocity in the heel of the well as the relevant velocity scale, thus U = U0. As a relevant length
scale we take the length of the well L, also that we can introduce the following dimensionless
variables

x̃ = x

L
, ũp = up

U
, ũa = ua

U
, f̃p = fp

2fp(U)
, f̃a = fa

2fp(U)

Dp

Da −Do . (14)

With the simplifications as mentioned above, Equations (9) and (10) become in dimensionless
form

δβũ
′′
p + δJ ũ′′

p + rAδJ ũ′′
a − (2 − λ)εũpũ′

p = f̃pũ2
p . (15)

δJ ũ
′′
p + rAδJ ũ′′

a − (2 − λ)εũaũ′
a = f̃aũ2

a . (16)

The dashes denote derivatives with respect to x̃ and the following dimensionless groups have
been introduced. The parameter δβ = ApDp/βρL

2Ufp(U) is a measure of the ratio of the
force required to get fluid through the sand screen and frictional force in the base pipe. Like-
wise, the parameter δJ = ApDp/JρL2Ufp(U) is a measure of the ratio of the force required
to extract fluid from the reservoir and the frictional force in the base pipe. The parameter
ε = Dp/Lfp(U) is the ratio of inertial and frictional forces. Finally, rA = Aa/Ap is the ratio
of cross sectional areas of the annulus and the base pipe. The boundary conditions to be used
in the analysis are as follows
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ũp(0) = −1, ũp(1) = 0, and ũa(0) = ũa(1) = 0 . (17)

The pressure difference between the reservoir and the well, as given in Equation (13), becomes
in dimensionless form

 p̃ = δβũ′
p + δJ ũ′

p + rAδJ ũ′
a , (18)

in which  p̃ = Dp prp/ρU 2fp(U)L.
Before we proceed it is convenient to specify typical values of the physical parameters

such that the orders of magnitude of the four dimensionless groups as specified above can be
found. In this paper we use the following fairly typical values: Dp = 0·16m, L = 1000m,
Aa = 0·015m2, ρ = 800 kg m−3, µ = 1cP and U = 1·5ms−1. Employing typical parameter
values or a sand screen, we find β ≈ 10−5. The productivity index J ranges in size from
10−13 m3 s−1 Pa−1 m−1 for low-permeability reservoirs and to 10−9 m3 s−1 Pa−1 m−1 for high-
permeability reservoirs. Employing these parameter values we obtain the following orders of
magnitude for the dimensionless variables:

ra = O(1), ε = O(10−3), δβ = O(10−5), δJ = O(10−2)−O(102) . (19)

3. Analysis of the solution characteristics of the equations

In the following three sections. the solution characteristics of Equations (15)–(17) will be
studied. It is beneficial to start the analysis with a study of the simplified problem in which
flow in the annular cavity is negligible. Insight in the solution characteristics obtained for this
case is helpful when analysing the coupled set of equations.

3.1. SPECIAL CASE: NO FLOW IN ANNULUS

The case in which there is no flow in the annulus is obtained when we let Aa → 0 in Equa-
tion (10). In this limit, Equations (9) and (10) become decoupled and (10) has the solution
ua(x) ≡ 0. The set of Equations (15)–(16) now reduces to

δũ′′
p − (2 − λ)εũpũ′

p = f̃pũ2
p , (20)

with the boundary conditions

ũp(0) = −1, ũp(1) = 0 . (21)

In (20) we have introduced the parameter δ = δJ + δβ ≈ δJ owing to the fact that δβ is at
least three orders of magnitude less that δJ (see Equation (19)). The parameter ε 
 1 and it
is therefore natural to consider the expansion ũp = ũ(0)p + εũ(1)p + O(ε2). Substituting this
expansion in (20) and (21) yields to leading order

δũ(0)′′p = f̃ (0)p ũ(0)2p , (22)

subject to

ũ(0)p (0) = −1, ũ(0)p (1) = 0 . (23)
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This result shows that, to leading order, liquid inertia effects can be neglected in long wells.
The model as defined by Equations (22) and (23) is the original model of Dikken [3]. Note
that Dikken’s model does not include inertia effects which our analysis shows to be a valid
approximation for the case of long wells. However, in the next section it will be shown that
under special circumstances inertia effects have to be included. For the case in which the
Blasius correlation is used (see Equation (6)) the friction factor f̃p is a nonlinear function of
ũp (f̃p ∼ ũ1/4). For that case we are not aware of an analytical solution of (22) subject to
the boundary conditions (23). For the case in which f̃p is taken to be a constant, independent
of ũp , it turns out that (22)–(23) has an analytical solution in terms of a Weierstrass elliptic
function (see Halvorsen [4]).

It is not necessary to solve (22)–(23) in order to determine some of the main solution
characteristics. Note, first of all, that the right-hand side of (22) is strictly positive, implying
that ũp is a strictly increasing, convex function. The characteristics of this convex function
will clearly depend on the magnitude of the parameter δ. In the case where δ � 1 we can
write ũ0)

p = ũ(0)p,0 + δ−1ũ
(0)
p,1 +O(δ−2), which on substituting in (22) yields to leading order the

linear solution

ũ
(0)
p,0 = x̃ − 1 . (24)

The physical interpretation of this solution is that, in the case where the reservoir permeabil-
ity is low, the frictional pressure losses in the well are small compared with the differential
pressure required to extract oil from the reservoir. Thus, the difference in pressure between
the well and the reservoir is, to leading order, constant along the length of the well. This
result is obtained immediately by substituting the leading-order solution (24) in (18) to yield
 p̃ = δ +O(1). This implies that there is a uniform production of oil along the total length
of the well - the ideal situation! Note that this result can always be achieved by making the
well sufficiently short.

In the case where δ 
 1 it is evident that the solution of (22) has a boundary layer character.
A regular perturbation expansion of ũp in terms of δ yields immediately that ũ(0)p = 0 +O(δ)
in the outer region. To find the solution in the inner (boundary-layer) region we stretch the x̃
coordinate via x̂ = x̃/√δ and consider the expansion ũp = ûp +O(δ). To leading order, this
yields

û′′
p = f̂pû2

p (25)

subject to the boundary conditions

ûp(0) = −1 and ûp(∞)→ 0 . (26)

The second of the above boundary conditions follows from the solution ũ(0)p = 0 in the outer
region. If the Blasius correlation as given in Section 2 and the dimensionless form of f̂p as in
(14) are applied, it follows that f̂p = 1

2 |ûp|−1/4. Using this form for the friction factor we find
that Equation (25), subject to the given boundary conditions, has the solution

ûp = −
[
34

√
11x̂ + 1

]−8/3
. (27)

The above solution was also found by Dikken [3] in his limit of infinitely long wells. Equa-
tion (27) shows a rapid decline of the velocity magnitude as one moves towards the toe of the
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Figure 2. The solution characteristics of Equation (20) for the values δ = 10−2, δ = 10−1, and δ = 10 as
indicated in the plot. The dashed line shows the asymptotic solution (27) for the case in which δ = 10−2.

well. As expected, this decline in the velocity magnitude is matched by a rapidly diminishing
differential pressure between the well and the reservoir. Substitution of (27) in (18) shows
that in the heel of the well the differential pressure  p̃ = O(δ); it decreases rapidly to a
magnitude of order  p̃ = O(δ17/6) as one moves towards the toe of the well. The results
obtained here for the case in which δ 
 1 show that the effective production length of the
well is of order

√
δ. At distances � √

δ from the heel of the well, the difference in pressure
between the reservoir and the well has decreased so much that very little oil is extracted from
the reservoir.

Figure 2 summarises the results of the analysis given above. In the figure we show the
computed velocity profiles along the length of the well for the cases δ = 10−2, δ = 10−1, and
δ = 10. The dashed line shows the asymptotic solution (27) for the case in which δ = 10−2.

3.2. FLOW IN THE WELL AND THE ANNULUS: CASE δJ � 1

The analysis in the previous section shows that, in the case where there is no flow m the
annulus, the solution properties are mainly determined by the parameter δJ : in the case where
δJ � 1 the velocity is a linear function (to leading order) of the position along the length of
the well, while in the case δJ 
 1 the solution has a boundary-layer character. As will be
shown in this section, there are additional boundary layers present when flow in the annulus is
included. In order to simplify the analysis we start with the assumption that δJ � 1 such that
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the new boundary layer becomes more transparent. The equations which will be analysed are
(15)–(17) and we consider the regular expansions

ũp = u(0)p + δ−1
J u

(1)
p + · · · ,

ũa = u(0)a + δ−1
J u

(1)
a + · · · .

On substituting the above expansions in (15)–(17) we obtain at leading order

O(0) : u(0)′′p + rAu(0)′′a = 0 ,

u(0)′′p + rAu(0)′′a = 0 ,

u(0)p (0) = −1, u(0)p (1) = u(0)a (0) = u(0)a (1) = 0

(28)

and at first order

O(δ−1
J ) : u(1)′′p + rAu(1)′′a + δβu(0)′′p − (2 − λ)εu(0)p u(0)′p = f (0)p u(0)2p ,

u(1)′′p + rAu(1)′′a − (2 − λ)εu(0)a u(0)′a = f (0)a u(0)2a ,

u(1)p (0) = u(1)p (1) = u(1)a (0) = u(1)a (1) = 0 ,

(29)

in which f (0)p = f̃p(u
(0)
p ) and likewise for f (0)a . Note that at leading order we obtain two

identical equations which can be solved subject to the boundary conditions to yield

u(0)p + rAu(0)a = x̃ − 1 . (30)

Evidently, in the case where δJ � 1 we retain a linear velocity profile but now for the weighted
sum of the velocities in the annulus and the base pipe (Equation (30) states, in fact, that the
total volume flow rate in base pipe and annulus varies linearly with x̃). Note that the leading-
order problem is not solved by Equation (30) alone, since we do not know individual velocity
profiles in the base pipe and the annulus. In order to obtain the individual velocity profiles we
have to consider the first-order equations given in (29). There we can see that the first-order
terms in both equations are identical. Thus, on subtracting the second differential equation
in (29) from the first, we obtain an equation which contains only zeroth-order quantities.
Proceeding in this manner and making the substitution δβ = εα, we obtain

εαu(0)′′p − (2 − λ)εu(0)p u(0)′p + (2 − λ)εu(0)a u(0)′a = f (0)p u(0)2p − f (0)a u(0)2p ,

u(0)p + rAu(0)p = x̃ − 1 ,

u(0)p (0) = −1, u(0)p (1) = u(0)a = u(0)a (1) = 0 .

(31)

The new parameter α = Ap/βρLU = O(10−3) is the ratio of pressure forces required to
get fluid through the sand screen and inertia forces. We are now in a position to consider the
expansions

u(0)p = up,0 + εup,1 + · · · ,
u(0)a = ua,0 + εua,1 + · · · . (32)

Using (32) in (31) we obtain the following equations at leading order

fa,0u
2
a,0 = fp,0u2

p,0 ,

up,0 + rAua,0 = x̃ − 1 ,

up,0(0) = −1, up,0(1) = ua,0(0) = ua,0(1) = 0 ,

(33)
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in which fp,0 = f (0)p (up,0) and likewise for fa,0. The first of the equations in (33) is essentially
a statement of the fact that the pressure gradients in the annulus and the base pipe are, to
leading order, the same. In other words, the difference in pressure between the annulus and
the base pipe is of order O(ε2). The solution of the equations specified in (33) is clearly
determined by the forms of the friction factors in the base pipe and the annulus. For simplicity
we consider the case in which the flow is turbulent in both the annulus and the base pipe, as-
suming a concentric arrangement of the base pipe in the annulus. With these assumptions one
obtains the following values for the parameters in the friction factor as define by Equation (6):
ap = 0·316, bp = 0·25 for the base pipe and aa = 0·35, ba = 0·25 for the annulus. With these
expressions for the fraction factors we find that the first equation in (33) yields up,0 = σua,0

in which σ = (
0·35

0·316

)4/7
(

Dp

Da−D0

)5/7
. This result together with the second of the equations in

(33) yields then

up,0 = σ

σ + rA (x̃ − 1) ,

ua,0 = 1

σ + rA (x̃ − 1) .
(34)

The solutions as given in (34) reveal a linear velocity profile along the length of both the
well in both the base pipe and the annular cavity. Note that the boundary conditions for both
the base pipe and annulus velocities are satisfied at x̃ = 1. However, at x̃ = 0 neither of the
solutions as given in (34) satisfy the imposed boundary conditions. This indicates that solution
found in (34) represents the outer solution and further work is required to find the correct
behaviour inside the boundary layer. Recall that in the case where no flow in the annulus was
present, no solution with boundary-layer characteristics was found for the case with δJ � 1
as is being considered here. Evidently, a new boundary layer is obtained by including flow in
the annulus.

In order to study the solution of (31) inside the boundary layer we stretch the x̃-co-ordinate
via x̄ = x̃/α and we consider the expansions

u(0)p = ūp +O(α) ,
u(0)a = ūa +O(α) . (35)

Substituting the expansions (35) in (31) and applying the co-ordinate stretching as given
above, we find that at leading order, O(ε/α), the following equations are obtained

ū′′
p − (2 − λ)ūpū′

p + (2 − λ)ūaū′
a = 0 ,

ūp + rAūa = −1 ,

ūp(0) = −1 ,

ūa(0) = 0 ,

(36)

subject to the matching conditions

ūp(∞) = uOp , ūa(∞) = uOa . (37)

Clearly, the matching conditions depend on the flow conditions in the annulus. In the case
where we have turbulent flow in the annulus, application of (34) yields uOp = − σ

σ + rA and
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uOa = −1

σ + rA . The differential equation in (36) can be integrated once and the second equation

in (36) can subsequently be used to eliminate ūa from the equations. The resulting first-order
differential equation in ūp can be integrated, which, on applying the boundary conditions as
given in (36) and the matching conditions (37), yields

ūp(x̄) = 1

2a

[
b − c tanh(cx̄/2)+ b + 2a

1 + b+2a
c

tanh(cx̄/2)

]
,

ūa(x̄) = − 1

ra
(1 + ūp(x̄)) ,

(38)

in which a = (1 − λ/2)(1 − 1/r2
A), b = (2 − λ)/r2

A and c = b − 2auOp . The results so far
indicate that, in the case where flow in the annulus is included, a new boundary layer appears
which has a thickness O(α). The physical interpretation of the results is as follows. In most of
the well (the outer region) fluid in the annulus flows towards the heel of the well maintaining
the same pressure gradient in the annulus as in the base pipe. At a distance O(α) upstream
from the end of the annulus, the fluid in the annulus begins to notice the blockage at the heel.
Over a distance O(α) the fluid in the annulus is decelerated. The decrease in inertia of the
fluid in the annulus leads to pressure build-up in the annulus which subsequently forces the
annular fluid through the sand screen and into the base pipe. Figure 3 shows the shape of the
analytical solution as given by Equations (34) and (38). We have taken α = 10−2 for the case
shown.

Before we proceed to study the case in which δJ 
 1 it is interesting to investigate how
the reservoir ‘feels’ the presence of the well. Equation (3) describes the flow rate from the
reservoir into the well. In dimensionless form this equation reads

w̃ = ũ′
p + rAũ′

a, (39)

where w̃ = πDaw/ApU is the dimensionless flow rate from the reservoir into the well. From
Equations (30) and (39) we find that w̃ = 1 along the whole length of the well. This result
implies that in the case δJ � 1, that is a low-permeability reservoir, the well is seen by
the reservoir as a line source of constant strength. The rapid changes of the well flow in the
boundary layer as described by Equations (38) do therefore not propagate into the reservoir.
The reason for this is that the ratio δβ/δJ 
 1.

3.3. FLOW IN THE WELL AND THE ANNULUS: CASE δJ 
 1

Going back to the analysis for the case with no annulus is present, we recall that the production
profile had boundary layer characteristics when δJ 
 1. The thickness of the boundary layer
was found to be of order O(

√
δJ ). The analysis in the previous section showed that with

the presence of the annulus, a boundary layer with a thickness O(α) appears. Therefore, in
the case where we assume that an open annulus is present in a well in a high-permeability
reservoir (that is δJ 
 1), we expect two boundary layers to appear: a ‘thick’ reservoir-
induced boundary layer with a thicknessO(

√
δJ ) and a ‘thin’ annulus-induced boundary layer

with a thickness O(α). In what follows, the details of these boundary-layer solutions are
exposed.

Given that δJ 
 1, we consider the regular expansions

ũp = u(0)p + δJu(1)p + · · · ,
ũa = u(0)a + δJ u(1)a + · · · .
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Figure 3. The matched asymptotic solution as given by Equations (34) and (38) for the case in which α = 10−2.
The solid lines denote outer solutions as given in (34), while the dashed line denote the inner solutions as defined
in (38).

On substituting the above expansions in (15)–(17) we obtain at leading order

f (0)p u
(0)2
p = 0 ,

f (0)a u
(0)2
a = 0 .

(40)

These equations have solutions u(0)p = u(0)a = 0 which satisfy the boundary conditions at
x̃ = 1 but not the boundary conditions at x̃ = 0. Clearly this represents the outer so-
lution and further analysis is required in order to find the inner solution. We now intro-
duce the a boundary-layer co-ordinate x̂ = x̃/

√
δJ . In terms of this stretched co-ordinate

Equations (15)–(16) can be written in the form

εα

δJ
û′′
p − (2 − λ) ε

δJ
ûpû

′
p + (2 − λ) ε

δJ
ûaû

′
a = f̂pû2

p − f̂aû2
a,

û′′
p + rAû′′

a − (2 − λ) ε
δJ
ûaû

′
a = f̂aû2

a,

(41)

subject to the boundary conditions ûp(0) = −1, ûa(0) = 0 and the matching conditions
ûp = ûa = 0 as x̂ → ∞. Note that, as in the previous section, we have made the substitution
δβ = εα. Next, we consider the regular expansions
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ûp = û(0)p +O(ε/√δ) ,
ûa = û(0)a +O(ε/√δ) ,

(42)

which, on substitution in (41), yields at leading order

f̂p,0û
(0)2
p − f̂a,0û(0)2a = 0

û(0)′′p + rAû(0)′′a = f̂a,0û(0)2a ,
(43)

subject to the matching conditions û(0)p = û(0)a = 0 as x̂ → ∞. The above equations do
not uniquely define û(0)p and û(0)a , since the equations are not independent. This is a similar
situation to what was found in the previous section where the case δJ � 1 was considered.
Solving the Equations in (43) we have

û(0)p = −
(

34

√
A

11
x̂ + C

)−8/3

,

û(0)a = 1

σ
û(0)p ,

(44)

in which A = σ/(σ + rA), where σ as defined previously and C is an, as yet, undetermined
constant. Note that the solution as given above satisfies the boundary conditions at x̂ → ∞,
but the conditions in the heel of the well at x̂ = 0 are still not satisfied. The solution given
by Equations (44) represent the ‘thick’ reservoir-induced boundary layer. In order to satisfy
the boundary conditions in the heel of the well the solution in the ‘thin’ annulus-induced
boundary layer needs to be found. Considering Equations (41) we clearly see that the solution
in the thin boundary layer is obtained when we balance the terms on the left-hand side of the
first equation in (41). This balance is obtained when the x-co-ordinate is stretched according to
x̄ = x̂/(/√δJ ). Introducing this co-ordinate stretching in (41) and considering the expansion

û(0)p = ūp +O(α/√δJ ) ,
û(0)a = ūa +O(α/√δJ ) , (45)

we obtain at leading order

ū′′
p − (2 − λ)ūpū′

p + (2 − λ)ūaū′
a = 0 ,

ū′′
p + rAū′′

a = 0 ,

ūp(0) = −1 ,

ūa(0) = 0 ,

(46)

subject to the matching conditions

ūp(∞) = û(0)p (0) = −C−8/3, ūa(∞) = û(0)p (0) = − 1

σ
C−8/3 . (47)

From the second equation in (46), together with the boundary conditions at x̄ = 0 and the
requirement that both ūp and ūa remain bounded as x̄ → ∞, we obtain immediately that
ūp + rAūa = −1. This result, together with the matching conditions as specified in (47),
yields C = (1 + rA/σ )3/8.
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Figure 4. The matched asymptotic solution as given by Equations (44) and (48) for the case in which α = 10−2

and δJ = 10−2. The drawn lines denote outer solutions as given in (44), while the dashed lines denote the inner
solutions as defined in (48).

As a check on the analysis so far we consider the limit where rA → 0, which is a vanishing
annulus cross section. In this limit σ → ∞, so that C → 1. Going back to Equations (44) we
see that in this limit A → 1, û(0)a → 0 and û(0)p attains the required form as found earlier in
the analysis for the case without the presence of the annulus (cf. Equation (27)).

Going back to Equations (46) we note that these equations are identical to those found in
the previous section (cf. Equations (36)). This indicates that, as expected, the structure in the
thin boundary layer is unaltered by the reservoir conditions, that is, the parameter δJ . We note
also that the thickness of the thin boundary layer is the same as in the previous section, namely
O(α). The equations in (46) subject to the boundary and matching conditions can, as before,
be integrated to yield

ūp(x̄) = 1

2a

[
b − c tanh(cx̄/2)+ b + 2a

1 + b+2a
c

tanh(cx̄/2)

]
,

ūa(x̄) = − 1

rA
(1 + ūp(x̄)) ,

(48)

in which a = (1 − λ/2)(1 − 1/r2
A), b = (2 − λ)/r2

A and c = b + 2a(1 + rA/σ )3/8. Figure 4
shows the shape of the analytical solution as given by Equations (44) and (48). We have taken
α = 10−2 and δJ = 10−2 for the case shown.
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We now investigate how the reservoir feels the presence of the well. In the previous section
it was shown that the dimensionless flow rate from the reservoir into the well, namely w̃, is
given by Equation (39). Using the results given in Equations (44) and (46), we obtain

w̃ = 2

√
A

11
(1 + 1

σ
)

(
3

4

√
A

11

x̃√
δJ

+ C
)−11/3

. (49)

As in the case with δJ � 1, the details in the thin, annulus-induced boundary layer are not
seen by the reservoir. However, the above equation show clearly that the flow rate from the
reservoir into the well decreases rapidly for increasing x̃. Thus, reservoir experiences the well
as a sink with a rapidly decreasing strength as one moves from the heel to the toe of the well.

4. Numerical solutions

In what follows numerical solutions of the dimensionless equivalents of Equations (9)–(12)
will be presented. We will be satisfied with outlining the method and procedure which are
used to solve the coupled nonlinear equations without going into the details of the numerical
solution algorithm. Applying a standard finite-element procedure (using linear basis functions)
to the differential Equations (9)–(10) we obtain the coupled systems of equations

(Sβ + SJ )up + SJua + Cp(up)up = Fp(up)up + rp , (50)

SJup + SJua + Ca(ua)ua = Fa(ua)ua + ra . (51)

The relation between the discrete systems of equations as given above and Equations (9)–
(10) is as follows. The stiffness matrices SJ and Sβ are related to the second-order derivatives,
the convective matrices Cp(up) and Ca(ua) are related to the first-order derivatives and the
friction matrices Fp(up) and Fa(ua) are related to the friction factor terms. The vectors rp
and ra contain terms related to the boundary conditions. Assume that we have some initial
guesses u(0)p and u(0)a of the solution vectors up and ua. The nonlinear system of equations is
now solved iteratively as follows. We first take (50)-µ× (51) where 0 < µ ≤ 1. The resulting
system is then used to find an update of the approximation of up via

[Sβ + (1 − µ)Sj + Cp(u(n)p )− Fp(u(n)p )]u(n+1)
p = rp − µra ,

−[(1 − µ)SJ + µCa(u(n)a )+ µFa(u(n)a )]u(n)a
(52)

and a new estimate of ua is obtained from

[SJ + Ca(u(n)a )− Fa(u(n)a )]u(n+1)
a = ra − SJun+1)

p . (53)

The reason for subtracting the multiple of (51) from (50) is related to the boundary-layer
character of the solution. Taking µ = 0 we find that the iteration procedure is robust but
the boundary layer is not resolved properly. Taking µ = 1 we obtain an iterative procedure
which has a small radius of convergence but it gives a good resolution of the boundary layer.
The iterative procedure (52)–(53) is continued until convergence is attained. In the numerical
computations 400 elements are used to discretise the interval [0, 1].

The analysis presented in the previous section is based on the assumption that δJ � 1.
This assumption leads to the result that the total volume flow rate in the base pipe and annulus
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Figure 5. Plots of the numerical solution of Equations (15)–(17) for the parameter values α = 10−2 and
δJ = 10−2 (a), δJ = 0·1 (b) and δJ = 10 (c). The drawn lines denotes the base pipe velocity up(x), while
the dashed lines denotes the annulus velocity ua(x).

decreases linearly from the heel to the toe of the well. In Section 3.1 it was shown that the
velocity profile along the length of the well will also exhibit boundary-layer behaviour in
the case where δJ 
 1. This boundary layer results when long wells are drilled in high
permeability reservoirs. The thickness of this ‘reservoir-induced’ boundary layer was shown
to be of order

√
δ. Combining the results of the analysis presented in Sections 3.1 and 3.2 we

come to the conclusion that in a well where there is possibility for flow in the annulus and
the base pipe, one may find two distinct boundary layers. There may be a reservoir-induced
boundary layer with a thickness of order

√
δJ and an ‘annulus-induced’ boundary layer with

a thickness of order α. Referring to (19), where the orders of magnitude of the dimensionless
groups are listed, together with the definition of α = δβ/ε, we find that the annulus-induced
boundary layer is approximately two orders of magnitude thinner than the reservoir-induced
boundary layer.

Figures 5a–c show the computed velocity profiles for the case in which rA = 0·75, ε =
10−2, α = 10−3 and δJ = 10−2 (a), δJ = 0·1 (b) and δJ = 10 (c), respectively.

The thin, annulus-induced boundary is evident in all figures, while the reservoir-induced
boundary layer becomes apparent in Figure 5(a).

One interesting property of the annulus-induced boundary layer is the fact that it occurs
whenever there is a change in the cross sectional area of the annulus. To exemplify this we
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Figure 5. Continued.

consider the following variation in rA. In the intervals x̃ ∈ [0, 0·2] ∪ [0·3, 0·35] we assume
an open annulus with rA = 0·75, while in the remainder of the interval [0,1] we reduce the
annulus area such that rA = 0·1. Figure 6 shows the computed velocity profiles for the base
pipe and the annulus. The presence of a change in the degree of openness of the annulus is
thus reflected in an abrupt change in the fluid velocity in the base pipe.

This is a result of significant practical value. Namely, while it is possible to measure the
flow in the base pipe of an actual well, it is not possible to determine the flow in the annulus by
direct measurements. Our analysis indicates that abrupt changes in the base-pipe velocity over
a length scale of order O(α) are a definite signature of the presence of flow in the annulus.
Flow in the annulus can thus be inferred from variations in the measured flow in the base pipe.

In what follows some measurements will be discussed which show that the results of the
foregoing analysis do, in fact, reflect phenomena observed in actual oil-production wells.
Figure 7 shows the measured velocity profile in a production well which, at the time when
the measurement was taken, produced only oil (a light crude with a viscosity somewhat less
than 2cP). The total length of the weil was approximately 1350m and the reservoir in which the
well was drilled had a high permeability. For this case the dimensionless reservoir parameter
δJ ≈ 0·06. This particular well was almost horizontal with maximal deviations from the
horizontal plane of less than 2m. The measurements are obtained by inserting a long string
into the well with at the end of the string a spindle which measures the local fluid velocity.
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Figure 5. Continued.

One of the most striking features in the measured velocity in Figure 7 is the very sharp
decrease in the velocity magnitude in the heel of the well. A comparison of Figures 7 and
5(a) shows a very similar qualitative behaviour. This suggests that the rapid change in the
measured velocity as seen in Figure 7 is due to annulus fluid entering the base pipe in the
heel of the well. It is in principle possible that, by coincidence, the heel of the well is situated
in a region of the reservoir with a very high permeability, giving rise to the observed jump
in the measured velocity. However, if one computes the permeability required to give a jump
of a kind as seen in Figure 7, one finds that this permeability would have to be four orders
of magnitude larger than the known mean reservoir permeability. It is unlikely that this is
the case. In addition to the large change in the velocity magnitude near the heel of the well,
Figure 7 also shows an abrupt decrease in the measured velocity at a distance of approximately
250m from the heel of the well. Also in this case, the length scale over which the change in the
velocity occurs is such that it can only be attributed to the presence of flow in the annulus at
the position of the sudden decrease cf. Figure 6. Geological information, in fact, supports this
interpretation. Measurements show that at the position where the velocity decreases, there is
a calcite formation in the reservoir which otherwise consists mainly of sandstone. The calcite
is hard rock at which collapse of the bore hole is very unlikely, in contrast to most of the rest
of the reservoir.
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Figure 6. Plot of the computed velocity profiles in the base pipe (solid line) and annulus (dashed line) for the case
in which the annulus has a varying cross-sectional area.

5. Conclusions

In this paper we have presented a hydraulic model for the flow in a horizontal well. The model
allows for flow in an annulus outside the main flow pipe (the ‘base pipe’) as well as for flow
inside the base pipe. Two nonlinear coupled ODE’s are obtained which are analysed in this
paper. First of all, a simplified case is studied which is obtained by letting the area of the
annulus vanish such that only flow in the base pipe needs to be considered. Analysis of this
simplified case shows that the solution of the governing equation may have a boundary layer
in the heel of the well. This boundary layer results when a sufficiently long well is drilled in
a high-permeability reservoir. This is what we call a ‘reservoir-induced’ boundary layer. In
this case the pressure drop in the base pipe is of the same order of magnitude as the pressure
difference between the well and the reservoir. This results in the oil being produced only
locally (near the heel) while in most of the well the pressure difference between the well and
the reservoir is too small to extract significant quantities of oil from the reservoir. When the
well is drilled in a reservoir with a very low permeability, the production profile decreases
linearly from the heel to the toe of the well.

When flow in the annulus is taken into account a new boundary layer is found. This
boundary layer is the result of fluid flowing in the annulus being forced into the base pipe
when the annulus becomes blocked. The length over which the annular fluid flows into the
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Figure 7. Plot showing the measured velocity profile in an actual production well.

base pipe is small. It is governed by the balance of deceleration forces and pressure forces
required to press fluid into the base pipe. The new boundary layer is an ‘annulus-induced’
boundary layer since it results from the change of the geometry of the annulus. For typical
parameters it is shown that the thickness of the reservoir-induced boundary layer is at least
two orders magnitude larger than the geometry-induced boundary layer.
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